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CHAPTER I. INTRODUCTION 
Nature of Problem 
In times when we are increasingly concerned with problems of global 
change of our environment, studies of the atmospheric aerosol conditions 
are of basic importance. 
The particulate materials suspended in the atmosphere, known as 
aerosol particles, are produced by both nature and man. Some of natural 
sources are volcanic eruption, burning vegetation, sea spray, windblown 
dust, seeds and spores. Particles are also emitted into the atmosphere 
from industrial, energy-generation, agricultural and transportation 
processes. 
While suspended in the atmosphere, these particles may influence 
cloud formation, rainfall rates- and thus the average cloud cover through 
microphysical cloud parameters; this in turn will affect the short and 
long wave radiation budget, and the removal of aerosol particles 
themselves from the atmosphere due to rainout. Through scattering and 
absorption processes, however, the short and long wave radiation budget 
is more directly influenced by the aerosol particles. This is because 
the particles can cause considerable change in the normal optical 
properties of the earth's atmosphere. 
Even low concentration of aerosols may have a profound influence on 
climatic conditions as demonstrated by Newell (1970) who showed that the 
increase in stratospheric aerosol particles by the Mt. Agung eruption in 
the spring of 1963 raised stratospheric temperature by 5'C over several 
2 
years. Long term variation of the background aerosol due to man's 
activity can thus cause world wide climate changes. In recent years, 
therefore, concern has been expressed as to the possibility of 
modification of the earth's global climate by injection of increased 
amounts of aerosols into the atmosphere (for example, Bryson, 1968; SCEP, 
1970). In trying to assess this possibility in a quantitative manner, 
various models have been suggested to describe the radiative energy 
transfer in the earth-atmosphere system. 
The physical process with which we are most interested regarding 
these models is the absorption and scattering of radiation. In solving 
radiative scattering problems, most investigators treat aerosol 
particles as if they were an ensemble of homogeneous "spheres", 
differing only in size and refractive index (for example, Braslau and 
Dave, 1973a,b; Grams et al., 1974; Herman et al., 1975). The effects of 
the particle shape on scattering have been largely ignored. Their 
motivation in choosing such a model is that the sphere is the only 
particle shape for which a formal, rigorous solution is available, based 
on Maxwell's electromagnetic theory (Mie, 1908). However, most natural 
particles we find in the atmosphere do not have spherical shapes. Rather, 
they are non-spherical, or even irregular in their shape (Figures 1 and 
2). Ice particles commonly found in high clouds also have predominantly 
non-spherical shapes (Figures 3 and 4). However, there has been little 
computational evidence which evaluates the limitations of such an 
assumption of sphericity. 
It is often useful to simplify scattering computations by assuming 
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Figure 1. Aerosol particles collected in Iowa 
(Yarger)^. 
^D. Yarger, Iowa State University, Earth Science Dept. 
Personal correspondence, 1973. 
Figure 2. Aerosol particles collected in Iowa (Yarger) . 
^D. Yarger, Iowa State University, Earth Science Dept., 
Personal correspondence, 1973. 
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Figure 3. Ice crystals collected in Alaska (Ohtake) 
^T. Ohtake, University of Alaska, Geophysical Institute, 
Personal correspondence, 1974. 
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Figure 4. Ice crystals collected in Alaska (Ohtake) . 
T. Ohtake, University of Alaska, Geophysical Institute, 
Personal correspondence, 1974. 
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that diffraction theory and geometrical optics are applicable. This 
approximate theory, called the ray optics theory, is computationally 
faster than Mie theory, and more importantly, may be applicable to non-
spherical particles, as well as to spherical particles. It is therefore 
of interest to compare the rigorous Mie and approximate ray optics 
theories for various sizes of spheres to determine when the approximate 
method is applicable and thus able to evaluate the assumption of 
sphericity. 
Hence, the purpose of the present investigation is to develop a 
theoretical approach, based on ray optics, to provide radiative 
scattering information for non-spherical, irregular scatterers, and to 
examine the validity of the widely used assumption of sphericity. 
Previous Work 
The problems of radiative scattering have a long history. A 
homogeneous sphere whose size is comparable to, or greater than, the 
wavelength was investigated independently by Lorenz (1890, 1898), Love 
(1899) and Mie (1908). The results are usually referred to as the "Mie 
theory". The detailed treatment of Mie theory may be found in textbooks 
such as Stratton (1941), van de Hulst (1957) and Born and Wolf (1965). 
Since then, several authors have published useful results for absorbing 
and non-absorbing spheres. For instance, Deirmendjian (1963) has 
calculated scattering matrix elements for models of haze and fog and 
found that his results to be in excellent agreement with the measurements. 
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Mie theory provides complete formal solutions which obey Maxwell's 
equations. The expressions for Mie scattering involve series whose terms 
contain Bessel functions of half integral order with complex argument, 
and first and second derivatives of the Legendre polynomials. Further­
more, the number of terms required for evaluating the series is of the 
order of the size parameter (the ratio of the particle circumference to 
the wavelength of the incident light). Hence, the reliable Mie 
scattering computations for large spheres can be described as difficult, 
tedious, and time consuming. For example, Braslau and Dave (1973a) 
reported two hours of CPU (Central Processing Unit) time on an IBM 
S360/91 Computer in computing Legendre polynomials found in Mie series 
for a typical size distribution. Considering all these drawbacks of the 
Mie theory, even for the simplest case of "spherical shape", it is 
understandable that most of the earlier computations of Mie solutions 
were confined either to small ranges of the scattering angle, or to small 
values of the size parameter, and that there have been practically no 
comprehensive theoretical studies on the scattering from irregularly 
shaped particles. Electromagnetic solutions have also been made for a 
few regularly shaped particles, such as infinitely long circular 
cylinder (Lind and Greenberg, 1966; Cooke and Kerker, 1969; Liou, 1972a, 
b), spheroid (Greenberg, et al., 1581) and an elliptical cylinder (Yeh, 
1964). These solutions have similar drawbacks. 
Vouk (1948) showed that when the particle circumference is larger 
than the wavelength of light the Mie theory tends to the theory of 
diffraction by opaque disks. When the particles are transparent, the 
9 
diffraction effect is supplemented by light which has been reflected from 
the outer surface of the particle, without penetration, and by light 
which has entered and been internally reflected and refracted- The theory 
of these geometrical processes was investigated by Wiener (1907). 
Gumprecht and Sliepcevich (1953) have compared the results of 
diffraction calculations with machine computed data from the Mie theory 
for particles up to 400 wavelengths in circumference. They showed that 
the forward scattered intensities differ appreciably, but the ratios of 
forward to total scattering are in better agreement. Based on the 
Kirchhoff diffraction by opaque circular disks, Ellison (1954) 
investigated the problem of intensity fluctuations of scattered light 
with angles of observation. 
Hodkinson and Greenleaves (1963) showed that when spherical 
particles are larger than a few wavelengths of the radiation incident 
on them, and when a range of particle size is present, their combined 
scattering pattern may be treated approximately as a combination of 
classical diffraction, geometrical reflection and refraction patterns 
of the radiation. They extended their results to suggest that scattering 
patterns from irregular particles can also be divided into the same 
three separate parts as long as the particles are large compared to the 
wavelength of the incident radiation. Ray optics calculations have also 
been made for infinitely long hexagonal cylinders (Jacobowitz, 1970 and 
1971). But effects of polarization were not included in his investi­
gation. 
10 
Several laboratory experiments have been performed to investigate 
the angular scattering behavior of irregular particles. Hodkinson (1963) 
made measurements on quartz, flint, and diamond dusts and showed that 
in the forward direction the scattering for a distribution of randomly 
oriented irregular particles is not substantially different from that for 
the same distribution of spherical particles. Thus, his experiment 
indicates that the difference in particle shape does not produce much 
difference in the forward direction of scattering. Holland and Draper 
(1967) and Holland and Gagne (1970) have shown that the scattered 
intensity from a distribution of irregular particles agrees well with that 
from spherical particles up to about 90®, but that they may differ by an 
order of magnitude near the backward direction. 
Huffman and Thursby (1969) and Huffman (1970) used nephelometers to 
measure the angular scattering patterns from artificial ice crystals. 
Compared to water droplets, the ice crystals were found to scatter 
considerably more for scattering angles near 90® at the expense of 
scattering in the forward direction. They also showed that the crystal 
shape is an important factor at scattering angles larger than about 130*. 
Using a ruby laser radar and an integrating nephelometer on urban 
aerosols in Seattle, Waggoner et al. (1972) found that the ratio of 
backscatter to the scattering portion of extinction was only one third 
that predicted from Mie calculations for a power law size distribution of 
spherical particles. 
All these previous works seem to indicate that predicting the scatter­
ing from a system of randomly oriented irregular particles on the basis of 
11 
the assumption of sphericity leads to a serious error, particularly 
near the backward direction. However, there have been very few 
theoretical efforts to match these experimental results. 
Method of Attack 
First, the Mie solution will be presented. This is the formal 
rigorous solution of Maxwell's equations to the problem of scattering of 
light by a homogeneous sphere with appropriate boundary conditions. Next, 
a theoretical approach will be developed, based on ray optics, to the 
general scattering problems. 
The ray optics method is based on the concept of "localization of 
light ray". The energy available in the incident ray is either 
distributed in a definite manner among the outgoing rays or absorbed along 
its path inside the particle. By mathematically tracing the paths of 
sufficiently large number of equally spaced, parallel rays through the 
scattering particle, one can obtain the angular distribution of the 
scattered radiation for any orientation of the particle. The compu­
tational results of the ray optics method for spheres will then be 
compared with those from Mie theory to establish a range of mutual 
validity of two approaches for both absorbing and non-absorbing particles. 
Finally, an extension will be made in the range of mutual validity for 
particles of irregular shape, to provide radiative scattering information 
for irregular particles, and to examine the validity of the assumption of 
sphericity. Particularly, answers to the following questions are sought: 
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(1) How well is a random distribution of irregular particles 
represented by spheres in the scattering patterns? 
(2) How does the shape influence the scattering pattern of aerosol 
particles? 
(3) How do changes in the refractive index, both real and complex, 
influence the scattering patterns of irregular particles? 
(4) How do changes in the size distribution influence the 
scattering patterns of irregular particles? 
13 
CHAPTER II. ELECTROMAGNETIC THEORY OF SCATTERING 
General Theory of Scattering 
Inhomogeneities of a medium cause scattering of light passing 
through it. The original solution to the problem of scattering of a 
monochromatic, plane electromagnetic wave by an isotropic, homogeneous 
sphere of arbitrary size and optical constants was given by Gustave 
Mie (1908). A summary for later reference is presented in this chapter 
on the Mie solution, following the development of Stratton (1941). 
The field vectors which describe the electromagnetic properties . 
of the space are the electric field Intensity the dielectric 
displacement D, the magnetic field intensity TT, and the magnetic 
induction B. For regions of space through which the physical 
properties of the medium are continuous, as characterized by the specific 
conductivity 9 , the electric permittivity ç , and the magnetic 
permeability JUL , the field vectors are subject to Maxwell's equations; 
^ " G . . 
V « "3 • + 5, 
>7 • "S ® O , 
(la) 
(lb) 
(Ic) 
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V • b = 0. (Id) 
Here t is time. The charge distribution in the medium has been assumed to 
be zero, and no magnetized matter is present in the field. It can be shown 
that and Tî satisfy the vector equation derived from the above four 
equations; 
® ° , (2a) 
"" (2b) 
On a microscopic scale, the surfaces bounding one body or medium from 
another may comprise discontinuities across which the field vectors 
themselves may be discontinuous. The boundary conditions which must be 
satisfied at such surfaces by the electric and magnetic fields are also 
deduced from Maxwell's equations; 
(1) The normal components of B are continuous. 
( X - S.) • t = o. (3a) 
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(2) The normal components of are continuous. 
iR = o .  
(3) The tangential components of ? are continuous, 
(3b) 
/ —* —* . —> 
(iSi - E.) X n = o. (3c) 
(4) There is a discontinuity in the tangential components of H equal 
to if, the surface current density, 
- 1Î. ) ^ K = Z. (3d) 
Here IT is a unit vector normal to the boundary. The corresponding 
conditions for the normal components of E and H and the tangential 
components of and can also be written. 
The field vectors which describe the electromagnetic properties of a 
region in a space around a scattering particle may be resolved into the 
incident wave (^ , Ifi ) , the wave inside the particle (1^ , ), and the 
scattered wave (IEj , 1^). In addition to obeying Maxwell's equations 
(la-Id), these vectors also satisfy the vector wave equations (2a, 2b). A 
particular solution of the vector wave equation is sought for which the 
field inside the particle, 1^, and the external field, 
satisfy the four boundary conditions formulated by Equation 3. Once this 
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solution is obtained, not only is the scattered wave completely 
defined, but the electromagnetic conditions within the particle are 
known as well. 
General Solutions of the Vector Wave Equation 
For any general vector, say y, the vector wave equation (2a) 
becomes 
(4) 
We assume a solution, periodic in time, of the form 
Y = f _ (5) 
Here A. is and the angular frequency p , where V is the 
vibrational frequency. Substituting this expression we get 
t C/Aê(0^- ÀylA0-<0) « O ^ 
(6 )  
or 
(7) ' + -e^f' = o, 
where the propagation constant, 4^ is defined by 
^ sa - VLyUClO . (8) 
By breaking the vector l|) into its three components of a rectangular 
coordinate system, v|>^ , ^ and , we can replace Equation 7 
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by a simultaneous system of three scalar equations. Hence, the scalar 
wave equation corresponding to 4^ ;, is 
t ® (9) 
where the subscript % is deleted for convenience. This equation has 
the familiar form of the scalar Helmholtz equation. In terms of 
spherical coordinates, Equation 9 becomes 
, (10) 
—L .âJL -f- = o 
where R , 9 and <j> are the three spherical coordinates shown in 
Figure 5. V|^ is assumed to have the form 
(11) 
The substitution of this assumed form for ij) in Equation 10 results 
in three separate equations; 
-  P^) f ,  «  O, (12)  
(13) 
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z 
X 
i i 
incident 
beam 
Figure 5. Orientation of a particle with respect to 
the incident ray. 
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and 
MiK»- h •nH = o, (14) 
where p and m are separation constants. The solutions of Equation 14 
are well known: 
=. &0& or , (15) 
where YA = 0, ± 1, ± 2, ••• . The solutions of Equation 13 have 
the form of the associated Legendre polynomials, defined by 
^ (16) 
= (LW , 
with lC*Co6 0, ï^(v)is the associated Legendre polynomials of the first 
kind, n-th degree, and of order m, where m and n are integers related 
to each other by V\ (Arfken, 1968). is the 
ordinary Legendre polynomial of degree n. 
Finally Equation 12 must be considered. The change of variable 
from R to ^ = results in 
- C'^C'»<-o - §'3i=o. (17) 
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Then the substitution ^ transforms this equation into the 
Bessel's differential equation. 
(18) 
The required solutions to this equation are, therefore, the Bessel 
function, and the Neumann function, of order 
h f ^  . For purposes of the wave equation, it is convenient to 
define spherical Bessel functions in terms of the Bessel and the 
Neumann functions by 
= c-i)"*' (^ T J*. J , 
(19) 
and from these in turn we obtain the spherical Hankel functions: 
+ * lum. 
(20) 
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The functions and are all solutions 
of the radial equation (12). 
Thus the scalar Helmholtz equation (9) has elementary solutions of 
the following type: 
t,= ™ 
The firat factor may be either a cosine or a sine. The general 
solution of the scalar Helmholtz equation is a linear combination of 
such elementary solutions. The next step is to solve the vector wave 
equation (2), which has a form of the vector Helmholtz equation. 
Elementary solutions of the vector Helmholtz equation may be found, 
from the following theorem. If lj> satisfies the scalar Helmholtz 
equation, the vectors L, M and N defined by 
L = vy 
M = ? % IrRIp (22) 
—» I N = ^ M 
can be shown to satisfy the vector Helmholtz equation. By carrying out 
the indicated operation, using Equations 21 and 22, we are able to 
evaluate the spherical vector wave functions in spherical coordinates. 
They are 
22 
je»*, P*(C.S9) "? + 
+ (^Ipe + (23a) 
MiX 
6 
(23b) 
(«Vl+l")  ^
zT kc4R,p:(c..)(-:p?+ 
(23c) 
23 
Wave Function for the Incident Wave 
We now consider a homogeneous sphere of radius (K , index of 
refraction , real or complex number, and permeability ^  , isolated 
in free space. The origin of the spherical coordinate system is 
taken at the center of the sphere. A plane wave is propagated along 
the positive Z-axis and with its magnetic vector along the positive 
Y-axis and its electric vector along the positive X-axis, as shown in 
Figure 5. Then the incident wave is described by 
% = E. : , 
U- = H. e 1 
(24) 
where L and T are unit vectors along the X- and Y-axis, respectively. 
E, and H, are the maximum amplitudes of thé incident wave. In terms 
of the spherical coordinates. Equation 24 can be expressed as 
and 
H.-= H. e*"'* 
+ Cos Q  ^^  . 
(25a) 
(25b) 
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Supposing that the Incident wave vectors can be represented as some 
linear combination of the three spherical wave vectors, and , 
6/Î and T^' may be expressed in the following form, 
and 
lît» 1£ 
ê 
where 
T  = 7 *  e " ' " ^  
L-fv»* » 
—» TÎ 
^ > 
_» 7* 
(26a) 
(26b) 
(27) 
The expansion coefficients may be found, using the orthogonal properties 
of the spherical wave functions and the boundary conditions. Since 
and =-0, it follows that when we take the divergence of Equation 
26a, the left hand side of (divergence of Equation 26a) is zero. Also 
the second and third terms on the right hand side are zero, resulting in 
25 
Similarly 
• (28) 
~ ® (29) 
for all vn and Further by comparing the terms in the equations 
for % and Vi with those in Equation 25a, we see that >A, the order of the 
associated Legendre Polynomials, must be equal to one. Again comparing 
the properties of Equation 25, with the equations for7^ and , we see, 
for example, that the 7 and ^  components contain Coswhile the 
component contains Stw ^ . This dependence is satisfied by taking ffï 
with a positive sign for Q component, and if with a negative' sign for 
•J* y component. Rewriting Equation 25a using these results gives 
Bji- e» e e À 
(30) 
oc 
Similar comparisons between Equation 25b and the equations for Wl and 
In lead to 
(31) 
The remaining four expansion coefficients, Ax, and may be 
evaluated using the orthogonal properties of the vectors 7^ and 
26 
(Stratton, 1941). Taking the dot product of both sidesof Equation 30 
with 8 , where y»' is an arbitrary value of A , and Integrating 
over Ô and ^ , we obtain 
f f r  
(32) 
a.9 /.n 
Ô*» 
The integral on the left hand side of this equation is found as 
LH5 = ATT (ris »(v»tj) ( (33) 
On the other hand the integral on the right hand side is 
RHS =» j j ^ 4-
« 
Ç  
<^ :^ o 4»o 
1" f' L 
(34) 
£. 
%»e 
Since "ï? , the second integral is zero for all *\ and . The first 
integral is evaluated by Stratton (1941) and is zero for However, 
when y| = y^', the integral is given by 
27 
a, ] (35, 
A »  + 1  •* ' 
Therefore, Equation 32 becomes 
air (-^ r Yi(-v\+i) 
(36) 
(K^  1 
AVi "t" i 
and we obtain after solving for (\, *» 
"• • [-%r]. 
Similarly, by taking the dot product of Equation 30 with y).(i^'A*Ld and 
integrating over ©• and ^, we may get the expression for b«*v. 
Same procedures may be applied to get the expressions for ^ and ^ , 
and the results are 
= 
-
K. 
(38) 
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Using these expressions for the expansion coefficients ftv, 
, and the incident wave of equation 30 may now be written as 
A.C-À)  ^ , (39a) 
and 
% =-H. A C-f (-^ j) ' ^4,0, (39b) 
where 1\-o has been discarded to prevent the solution from being infinite 
for Yl=-o. The subscript 1 is added to and yU to indicate that the 
values refer to the medium surrounding the particle. In order for the 
field to remain finite at 6 , Bessel functions of the first kind must 
be used in expressions for "iS and , indicated by the notations VA^^and 
. Thus, the final expressions for the expansion of the incident wave 
into the spherical vector wave functions may be written as 
(40a) 
and 
29 
® (•«(«+1>) ) . M»!') 
Wave Functions for the Scattered and the Transmitted Waves 
The induced secondary field may be likewise expanded by utilizing 
a set of arbitrary expansion coefficients which will be determined from 
the boundary conditions at the surface of the sphere. The induced 
secondary field is expanded into two separate parts, one applying to 
the interior of the sphere, and the other valid at all points external 
to the sphere. The transmitted field, which is the solution pertaining 
to the field inside the particle also involves Bessel functions of the 
first kind. The scattered field, which is the secondary field outside 
the particle involves Hankel functions of the second kind in the 
expressions for and "yf . By designating these vectors by 
and , the scattered field may now be written as 
and 
30 
and inside the particle the transmitted field may be written as 
^=^0 -t K , (42a) 
and 
where the subscript 2 is added to ^  and JU, to indicate that the values 
refer to the material inside the particle. The expansion coefficients 
(K^ J and can now be determined from the fact that the 
tangential components of 1Ë are continuous at the boundary between the 
sphere and the surrounding medium. Thus, it follows from Equation 3c 
that at R— Ow 
? * (?,. +%") - T A (43a) 
and 
31 
1r -* ( H<C + Hs) ~ ^ *~^ r . (43b) 
When appropriate substitutions are made, Equation 43 gives four 
simultaneous equations with four unknowns, (Ky,, and |^ . 
These are 
i-T X. = Kw, 
where fi~ >/ , and ^ is the radius of the sphere. and 
M ^ 
X>0^ OO are the spherical Bessel function of the first kind and the 
spherical Hankel function of the second kind respectively. The prime 
denotes differentiation with respect to the argument of the Bessel or 
Hankel function within the brackets. Solving this system of equations 
for the coefficients of the scattered field, we obtain 
(44a) 
(44b) 
(44c) 
(44d) 
32 
s _ - /<• )•>) CN%xWx)] ' 
Aj.cwCî'CH'-/"l'C'wCki*}-»'''*?]' 
and 
Similarly, Equation 44 can be solved for the two coefficients of 
L*" the transmitted field, (K^ and • This completes the solution of 
the problem. The field at any point inside or outside the sphere can 
now be expressed in terms of known functions. 
Far Field Solution 
In most cases, we are interested only in the scattered field at very 
large distances from the scattering particle ( ^ <K ), and this 
condition permits considerable simplification of the problem. 
As shown by Stratton (1941), spherical Hankel functions of the 
second kind used in the last section to describe the scattered field 
outside the sphere may be expanded as 
33 
•C W = —JT" 9»^ w). (47) 
where 
and 
n (Yl+A) 
a / • 
i - -y-T":'' t 
A UM) (»-9) c>\t4> 
0.>,1rxC7t^  a-j/'Of 
A^- 3/ • 
(48) 
(49) 
When the argument of the Hankel function is ^ see 
that as becomes very large in comparison to the incident wavelength 
A , 
34 
== 1, 
(50) 
and 
% o . (51) 
Therefore, we may write for large values of 
The substitution of expressions for the spherical Bessel and 
Hankel functions and two spherical wave functions, "yn and "Tf into 
Equation 41 results in 
E « = - b :  P :  ( « « 6 )  
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E,t = - E. à + 
H« = - E. < P»' ('-») . (53d) 
-k, 
W/4, 
(53=) 
n (53f) 
A further simplication occurs in the far field zone because the 
scattered wave may be considered as a transverse wave as a result of 
the rapid decay of the longitudinal component. Equation 53 shows 
that the transverse components of the field vectors decay with ^ , 
while the radial components fall off as (~^) • Therefore, the 
radial components may be neglected in the far field zone, compared 
to the other two components. The final result is 
À ÀC<dX—<uR) (•54a") 
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and 
_ À. /i(«t-4iR) 
= (54b) 
defining the complex amplitude functions for the scattered radiation as 
® ^  y\(y\+0 
and 
Wal >Vt>^tO 
with the angular functions. 
W. 
and. 
Î^ (c^ s6> =5 fC . (57) 
The well-known intensity functions are defined as 
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= |Si(^ )| , (58) 
and 
À& = 1 Si(e)l . (59) 
Both the complex amplitude function and the intensity functions are 
functions of complex index of refraction of the particle, the size 
parameter, and the scattering angle. For a particle of radius the 
size parameter, is defined by 
PC -a > (60) 
where is the wavelength of the incident wave. The scattering angles 
are measured from the direction of propagation of the incident wave in 
the scattering plane which contains both the incident and the scattered 
wave. 
Stokes Parameter 
For scattering problems the most practical representation of the 
polarization of light is in terms of its Stokes parameters. For a plane 
wave with a general elliptic polarization whose electric vector is 
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represented by (Chandrasekhaç', 1960; Stokes, 1852) 
f = & f E, t + E,7] 
the Stokes parameters are the time averages 
u ' <E.Er + Ê,Er>, 
V = i < E ^ E r -
(61) 
(62a) 
(62b) 
(62c) 
(62d) 
where the angular brackets indicate time average. The first parameter,% 
denotes the total intensity of the light, i.e., the flow of energy (erg 
sec"* cm"' sterad ' ^m~' , in cgs unit) across a unit area 
perpendicular to the direction of energy flow in a unit time. Q is the 
excess in intensity of light polarized in the direction over the 
intensity of light polarized in the r direction. U has an analogous 
interpretation with two components of light at different directions from 
those for Q parameter. V is the excess in intensity of light with 
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right-handed circular polarization, over that with left-handed circular 
polarization. A constant factor common to all four parameters has been 
omitted in the above equations for convenience. 
The role of each parameter in the description of the radiation may 
be better understood in the following definitions; 
the intensity of circularly polarized light = V, 
the intensity of linearly polarized light = 
and the intensity of elliptically polarized light = / 0^'*+ U\ » 
Dividing each of the above three expressions by the first parameter, I 
results in the expressions for the degree of polarization for each case. 
The Stokes parameters are also related to the shape and orientation 
of the polarization ellipse. The end point of the electric vector of the 
polarized light traces out an ellipse in time. If we let <K and b be 
respectively the semi-major and semi-minor axes of the ellipse, then the 
ellipticity is specified in terms of angle A as 
The orientation of the ellipse is defined in terms of an angle ^  between 
the major axis and the JL direction ( O 6TT ) . These two angles, 
and can be found from the Stokes parameters as follow 
= -TTTTTTT-TTTk , (64) 
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U (65) 
The four parameters are related by the inequality 
I ^  + v^)"-. (66)  
The equal sign is for a completely polarized light and the unequal sign 
does correspond to a partially polarized one. For a natural, unpolarized 
light 
The usefulness of the Stokes parameters is seen from the following 
simple numerical method of predicting the effect of scattering. Let 
radiation Incident on, and scattered by, a particle with a component JL 
parallel to the plane of scattering. Then the properties of radiation 
scattered in an arbitrary direction are completely defined for any 
polarization state of the incident light in terms of the Stokes 
parameters of the incident radiation: 
^ s. U a V ~ O (67) 
JLx and Xj respectively represent the Stokes parameters of the 
(68) 
41 
where the phase matrix, PC®) is a four by four matrix consisting of 16 
dimensionless numbers. If no assumptions are made at all for the 
scattering medium, the phase matrix contains 16 independent elements. 
However, as shown by Perrin (1942) and van de Hulst (1957), if a sample 
of particles is randomly oriented and has a plane of symmetry, then the 
number of independent elements is reduced to six. Furthermore, for 
particles having spherical symmetry, the number of independent constants 
is further reduced to four. For a spherical particle, for instance, the 
phase matrix has the following form: 
"a O o ' 
f <©> = 
(69) 
O Sai -i>Ai 
\ O Û D&i j 
Using the complex amplitude functions, and , defined in 
Equation 55, the four functions are defined as follow 
M,(e) = I ; (70a) 
(70b) 
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S«(») = a I AteWeî". 
• •Â I (e-) ^(ftj* I . 
(70c) 
(70d) 
For a size distribution of independent scatterers the functions Ki(p)) 
, SmC^) and are obtained by simple addition of these 
functions for all particles in the distribution. It is convenient to 
further define a normalized phase matrix by means of 
fJCÔ> = =- (71a) 
(71b) 
(71c) 
» e  ^ > (714) 
where the constant C is determined by the condition that 
^ j i ; , C 6 > d s i . =  i .  
tfiJL is an element of solid angle. î«(6) is the so called phase 
(72) 
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function. The degree of linear polarization is ^^(6^ / P„ (&) 
Actual calculations involve the previous definitions, 
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CHAPTER. III. RAY OPTICS THEORY OF SCATTERING 
Nature of Scattering Pattern 
Hodkinson and Greenleaves (1963) have first shown that for a 
distribution of particles, spherical or non-spherical in shape, whose 
sizes are larger than about two or three wavelengths, the scattering 
pattern may be conveniently approximated by a combination of three 
separate parts. They are reflection, refraction and diffraction. 
It is the concept of "localization" that enables us to make this 
separation. For a particle with a size many times that of the wavelength 
of the incident radiation, the incident beam of light, which forms a 
plane wave front of infinite extent, may be thought to consist of 
separate rays of light which pursue their own independent paths. Based 
on this concept of a "ray", it is possible to distinguish rays striking 
various "local" regions on the particle's surface, thus, the 
terminology, "localization". When a ray first hits the surface of a 
particle, it gives a reflected ray and a refracted ray. On the other 
hand, the light rays which miss the particle are partially diffracted 
into the geometrical shadow of the particle. The angular pattern from 
the reflection and refraction (the geometrical optics) is, in general, 
wide and of moderate intensity. The diffraction pattern is narrow, very 
intense, and concentrated near the forward direction. Therefore, the 
scattering patterns for individual particles may be thought to consist of 
three separate patterns from reflection, refraction and diffraction, and 
45 
each of them may well be treated separately. 
Actually, the distinction among these three separate patterns in 
the overall scattering pattern is not an arbitrary one. It can be shown 
that Mie coefficients, 01* and bit (Equations 45 and 46 in Chapter 
II) may be separated into two terms. 
Cl - a -, (73) 
k  = i  (I-
where ol^ and are functions of the refractive index of the 
particle. The second term in each equation thus depends on the nature 
of the particle and represents the geometrical component in the scattering 
pattern. On the other hand, the first term is a constant and is obviously 
independent of any nature of the scattering particle and corresponds to 
the diffraction component. In the context of a complete electromagnetic 
theory the distinction is not meaningful, all phenomena being aspects of 
a single solution of Maxwell's equations. However, it is not always 
possible to solve Maxwell's equations under any given set of circumstances. 
This is particularly true in the case of scattering problems for 
irregularly shaped particles. Thus, approximations must be looked for. 
The angular scattering pattern due to refraction and reflection may 
be computed using geometrical optics approximations. The method basically 
consists of mathematically tracing the paths of a sufficiently large 
number of equally spaced, parallel rays through the scattering particle. 
One can imagine that each ray is initially equivalent to a unit of. energy. 
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As each ray encounters a portion of the surface of the particle, a 
fraction of the energy is either reflected or refracted. A similar 
separation occurs when the refracted ray reaches the surface again; 
part of it is refracted and leaves the particle, whereas, the other part 
is reflected internally. This goes on indefinitely. In actuality, 
however, most of the energy that was initially incident upon a particle 
is either reflected, transmitted or absorbed by it after only a small 
number of internal reflections (Chapter IV)• 
The final result is that the entire energy available in the incident 
ray is distributed in a definite manner among the outgoing rays or 
partially absorbed along its path inside the particle. This distribution 
may be computed. If such a computation is made for all rays that are 
incident upon the particle and the results added, we obtain the 
scattering pattern caused by reflection and refraction phenomena. On 
the other hand, the scattering component due to diffraction may be 
computed according to the well-known diffraction theory of Huygens-Fresnel 
which may be regarded as an approximate form of the integral theorem of 
Kirchhoff. 
By combining the above three separate scattering patterns, one can 
obtain the angular distribution of the scattered radiation for any 
orientation of the particle, in terms of "ray optics". The procedure may 
then be repeated for a certain number of orientations to obtain the 
angular pattern for a given distribution of particles. 
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Reflection and Refraction 
Rays Incident upon the particle's surface are partially reflected 
and partially refracted. The light rays refracted into the particle will 
emerge corresponding to each Internal reflection. The light so emerging 
and that directly reflected from the outer surface both contribute to 
the total scattering by the particle. The energy that does not emerge 
is lost by absorption inside the particle. The total energy scattered 
and absorbed by the particle in geometrical optics is equal to that 
impinging on the cross-section of the particle presented to the incident 
beam. The amount of energy absorbed or scattered and the angular 
distribution and polarization of the scattered radiation depend greatly 
on the form and composition of the particle and on the condition of its 
surface. 
Suppose a plane wave, which is plane polarized, is Incident from a 
medium with refractive index on the plane surface of another medium 
with refractive index . Let the interface lie In the XY-plane and 
let the plane of Incidence be the YZ-plane, as shown in Figure 6. The 
H and "iT fields may be resolved into components in the plane of 
incidence and normal to the plane of incidence. Two independent cases 
then arise; one case where is perpendicular to the plane of incidence, 
with 1Î in the plane of incidence, and the other case where E. is in 
the plane of Incidence, with iT perpendicular to it. The angle of 
Incidence is 6^' , the angle of refraction , and that of 
reflection 8^ . 
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trans 
Figure 6. Geometry of the refraction and 
the reflection 
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The law of reflection and refraction requires that 
~ (75) 
and 
Aaww 0^ — YV.J. X/w. 0_ 
(76) 
These two equations relate the directions of the incident, reflected, and 
refracted rays. 
To find what fraction of the incident light is reflected, and what 
fraction is refracted, one must set up the boundary condition that has 
to be satisfied by the electric and magnetic fields in the respective 
wave trains. It was shown by Fresnel that the proportions reflected 
and refracted depend on the state of polarization of the incident light, 
the indices of refraction of the two media, and the angle of incidence. 
Fresnel's equations for the relative amplitudes of the reflected beams 
which are polarized perpendicular and parallel, respectively, to the 
plane of incidence (Born and Wolf, 1965) are 
Avw (Q i  — 0%^ 
t = -
(77a) 
*1 — 
C "t" Ô* ) 
A. I Ca4 Ôà — ÏLx Qx 
Xi Co* 0^  -+ 0^  , 
( ô>{ Pit ^  
C ©4 + 0* ^  
'VV-u tov — YL, 6* 
% (77b) 
6; -t- 6* . 
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These ratios of the amplitude of the reflected waves to that of the 
Incident wave are called the Fresnel's coefficients for reflection. For 
normal incidence, 
6^ » 8 a = o (78) 
and consequently Equation 77 reduces to 
A, - Ki. 
'' ~ K, t 
It is useful to compare the above results with those that hold when the 
roles of the incident and transmitted waves are interchanged . Let light 
be incident onto the interface from medium 2 at angle . The 
angle of refraction is now qJ a 0^. The reflection coefficients 
become 
r; = - n-
rL = - r, . 
The minus signs in the relations correspond to the 180* phase shift 
when the reflection coefficients corresponding to two directions are 
compared. The reflected fractions of the energy are called reflectivity 
and may be obtained by squaring the reflected fractions of the amplitudes; 
namely, and . The same fractions are reflected at an internal 
reflection, but the signs of and are then reversed, as was shown 
in Equation 80. The refracted parts of the energy are l*~r^ , and 
I — , for refraction from both inside and outside of the particle. 
Thus, the total energy of an incident pencil, with perpendicular 
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polarization is divided into the following parts 
Ti?" for the externally reflected rays, 
for rays emerging after two refractions, 
Cl"*'?'*) for rays emerging after one internal reflection. 
• • • f C * 
In general, the refractive indices TV» and YI& are complex numbers 
and hence the expressions for and are rather, complicated, 
and are functions of the state of the polarizations of the incident 
energy and the direction of incidence, as well as the refractive index. 
Since each of the two polarized components behave differently, 
there will be a change in polarization upon reflection and refraction. 
When linearly polarized incident radiation encounters an increase in 
index of refraction at an interface ( Yl, ), both reflected and 
refracted beams will remain linearly polarized but the direction of the 
electric vibration undergoes rotation as given by 
The azimuth denoted by el is the angle between the direction of the 
electric vector and the plane of Incidence. 
When the incident light is natural, it may be resolved, as was 
shown in the previous chapter, into two equal components; one 
linearly polarized in the incident plane and the other polarized 
perpendicular to this plane. Since each of these components will 
be reflected to a different extent, the reflected light will now be 
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partially polarized with the fraction of polarization given by 
For absorbing particles, the mathematical formalism is the same as the 
above, except that the refractive index is now complex. Hence, the 
reflection coefficients are complex numbers. 
Following the procedures of Born and Wolf (1965) for complex 
coefficients 
and 
where 
and 
J. 
A 
i-
(83b) 
(84a) 
(84b) 
Here Yly and Vt^ are the real and imaginary parts of the complex index 
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of refraction . Thus, both of the reflection coefficients 
are complex numbers. When sa O -, Equation 83 reduces to Fresnel's 
equation 77. 
Diffraction 
In the last section the scattering patterns resulting from 
reflection and refraction phenomena were studied from a strictly 
geometrical optics point of view. However, the law of rectilinear 
propagation of light is not rigorously correct. Departures from this 
law are known as diffraction phenomena. 
Diffraction always arises when a wave is partially obstructed 
in some way, so that diffraction is a general characteristic of wave 
motion. In the following description, both the source of light and 
observing point will be assumed to be sufficiently far away from the 
scattering particle to satisfy the conditions for the Fraunhofer 
diffraction. This choice is consistent with the fact that we are 
interested only in the far field solutions to the scattering problem. 
The complete calculation of a diffraction pattern by finding 
appropriate solutions of Maxwell equations is extremely difficult even 
for a few simple and highly idealized situations (Sommerfeld, 1954; 
Born and Wolf, 1965). Such calculations have not been extended to all 
the various shapes of apertures that are of interest in optics, and it Is 
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fortunate that there exists an approximate theory which is applicable 
with comparative ease to any shape, and which predicts diffraction 
patterns with high accuracy. 
In the Kirchhoff theorem, it is supposed that inside a closed 
surface 2. surrounding a point P there exists a monochromatic 
scalar wave, IX. = lA* G , originating in some distribution of 
sources, all of which lie outside 2. . It is further supposed that 
in some way the spatial factor TA, and its directional derivatives 
in the directions of the outward normal are known at all points of 
5. . Then the value of "U, at any point inside can be found 
as (Born and Wolf, 1965) 
iA 
U.CP) = -^ - e-
' I I  
(85) 
where the integration extends over the aperture area. In this equation, 
the source is supposed to send out a spherical wave whose amplitude at 
will be 
_ _A_ (86) 
where f' is the distance from the source 3 to the element of surface 
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and ^ ~ . The position of the element in the 
aperture is referred to cartesian axes in the plane of the screen in the 
manner shown in Figure 7. The orientation of jS and P with respect 
to the screen is specified by the angles Ô , ^ , Ô and ^ , 
and distances IT, and H . The factor A represents the 
obliquity factor, and Yl is the unit normal at pointing out of 
the region in which P lies. 
Let two diffracting screens be such that, when superimposed, the 
opaque areas of one screen just cover the open area of the other. Such 
screens are said to be complementary. Let ItJ (be the amplitude at 
a point P in the diffraction pattern, with one screen in place; and 
let Cbe the amplitude with the other screen. According to 
Babinet's principle, U.'Cp) and are equal in magnitude and 
opposite in sign. Their squares being equal, the two screens give 
identical scattering patterns. 
We denote the double integral appearing in Equation 85 by 
where 
S • H (8,^) , 
s jj (AxW; 
(87) 
(88) 
is the gemoetric area of the particle shadow, and 
where the integration is now performed over the geometrical shadow area 
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L%x 
Figure 7. Coordinate system for a problem in Fraunhofer 
dif fraction 
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of the particle. The Intensity at the observing point P is then 
obtained by 
^ (90) 
where is the flux of radiation of wavelength ^  incident upon 
the particle having the shadow area . In arriving at the above 
equation, the obliquity factor was set to unity. Therefore, 
the problem of diffraction is reduced to that of calculating H 
for the particle with a given shape. 
Phase Effect 
In the case of a single particle which possesses a linear dimension 
comparable to or greater than the wavelength of incident light, 
contributions from different parts of the particle are added to give the 
overall scattering pattern. However, there are phase differences among 
these different contributions, which lead to optical interference. 
This gives rise to numerous interference maxima and minima in the 
scattering pattern for a single particle. Mie solutions yields these 
maxima and minima correctly and fully. 
In the atmosphere, however, a size distribution of particles 
exists in which the particles are sufficiently far from each other and 
are located randomly in space. For a system of such particles, these 
numerous maxima and minima are lost in the integration over the particle 
size. This has been termed "independent scattering" by van de Hulst 
(1957), and will be the case of the present study. In the case of 
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ray optics corresponding to a system of particles, it is, therefore, 
reasonable to simply add intensities of the separate outgoing beams and 
to ignore the phase effects. 
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CHAPTER IV. SCATTERING PATTERNS FROM SPHERICAL PARTICLES 
Background 
The application of ray optics to finite particles is an 
approximation., Thus, before proceeding with the cases of irregularly 
shaped particles, it is appropriate to evaluate how well the ray 
optics computations approximate the formal, complete solutions of Mie 
theory by comparing two computational results from both theories. 
Therefore, in this chapter the ray optics approximation will be used 
to estimate the angular scattering patterns from a model distribution 
of spheres. This will then be compared with the angular scattering 
patterns computed for the same system of spheres based on the Mie 
theory. The results of such a comparison will show how much confidence 
can be placed in the ray optics approximation. 
Ray Optics Theory for Spheres 
It was mentioned in the previous chapter that if the sphere is 
very large, the beam of the incident radiation can be broken up into 
several narrow subbearns or rays having width much greater than the 
wavelength of the incident radiation but small compared with the size 
of the particle. Let us consider one such ray making an angle ^  with 
the tangent to the surface of the sphere at the point of incidence, as 
shown in Figure 8. The point of incidence of this given ray is 
characterized by an azimuth angle (6 and by its distance from axis. 
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P = l 
P=3 X 
Figure 8. Paths of light rays scattered by a sphere 
according to geometrical optics and 
diffraction theory 
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The latter Is written as flt (io4 ?! > where (K Is the radius of the sphere. 
A finite pencil of the incident radiation may be characterized by 4^ 
and . Let the intensity of this radiation be , which is 
polarized in a plane either parallel (the ^ component), or 
perpendicular (the T component) to the scattering plane. The flux of 
energy in this pencil for each polarized component is 
I. «.'• CM Î «lî 
The amount of energy defined by Equation 91 is divided, by 
successive reflection or refraction, among the single rays denoted by 
p =1, 2, 3,••• etc., as shown in Figure 8. p represents the number 
of rectilinear paths traveled by the ray within the sphere before 
emerging out of it. 
The direction of the refracted ray is given by the angle of 
refraction , which follows from Snell's law; 
ç' a. (92) 
where W is the refractive index of the particle with respect to 
its surrounding medium. All emerging rays make the same angle ^ 
with the tangent to the surface of the particle. 
The intensity and phase of both the reflected and refracted rays 
follow from the Fresnel coefficients. As shown in the previous chapter, 
the Fresnel reflection coefficients and Kj. express the ratios 
of the amplitude of the reflected wave to that of the incident wave. 
We introduce a new variable defined by 
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(93) 
for p =0 , and 
= <i-r=-) (-r^y (94) 
for p =1, 2, 3 ... . Thus, the flux of scattered energy out of the 
given incident pencil may be expressed for a given ^ and as 
I, e* @1^  (95) 
The final result is that the entire energy available in the incident 
pencil of light ray, expressed by Equation 91, is distributed among 
the outgoing rays with a definite amount of scattered energy, defined 
in Equation 95. The same definition and expression hold for the 
scattered energy corresponding to the f polarization component. 
The pencil of light emerging out of the sphere with a certain 
p value is characterized by a small range around the 
scattering angle Ô . It can be shown that the total deviation @ 
of the emergent ray from the incident beam is given by 
ô' sa - li.p'î'. (96) 
As p increases, 6 often assumes values greater than 180°, 
but is easily converted into a value between 0® and 180*. 
The emerging pencil spreads into an area at a large 
distance f from the sphere. Dividing the emergent flux by this area 
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we obtain the geometrical component (reflection plus refraction) of the 
energy scattered at the angle 6 : 
where 
1^1 ' W) 
and differentiation of Equation 96 with the use of Snell's law gives 
^ is sometimes called the divergence. 
The divergence arises because the incident ray is reflected and 
refracted by a curved surface. Equation 98 holds for spheres, and 
shows that the divergence, and hence the intensity, becomes infinite 
clô' 
in two special cases. The first case, gives rise to the 
well-known rainbow rays, whereas the other case, Aw9*0 with 
gives rise to either infinite intensities for direct 
backscattering (the "glory") or direct forward scattering. In nature, 
infinite intensities do not occur; however, the results for 
geometrical optics may still be accurate in the vicinity of the rainbow 
and glory angles (van de Hulst, 1957). 
When the index of refraction of the sphere is a complex, it is 
possible to add a factor to take account of the absorption coefficient 
Y* , where T ® the geometric path 
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of a light ray in the sphere has a total length the extra 
factor is JWp > ^nd the intensity becomes 
 ^ *1» ^  ^ ^ (100) 
Consider next the scattering component due to diffraction. It 
was shown in the previous chapter that the intensity I scattered in 
the direction having spherical polar angles & and ^ at a distance 
IT from the particle is given by the expression 
(e.,),) - 1,(0,t") = S'' I H(101) 
where tj was defined by Equation 89 as 
H(e,(|») = (102) 
and the geometrical area of the shadow is given by 
S = J| . (103) 
may be computed for a sphere which has a circular shadow 
area S IT^ » giving (van de Hulst, 1957) 
where J| is the Bessel function of order 1, and % is the size 
parameter. Using this expression for for a sphere. Equation 
101 now becomes 
j-iCX/A» ifUa) = -pi I. • (105) 
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Combining Equations 100 and 105, we have 
(106) 
for the total scattered energy, and similarly for This 
equation applies to an observing point at a large distance IT from a 
sphere having a radius A. and refractive index, V\ =• Wp-A . 
For large spheres discussed in this chapter, one concept was 
introduced by van de Hulst (1957), which will be found convenient. It 
is the "gain", Qp relative to an isotropic scatterer. This gain is 
defined as the ratio of the scattered intensity to the intensity that 
would be found in any direction if the sphere scatters the entire 
incident energy isotropically. Thus, we have for the gain for a sphere 
of radius A. 
Using this expression for the gain and Equation 100 the contribution 
to the gain from geometrical optics components (reflection and refraction) 
may be expressed as 
(107) 
the average gain over the entire solid angle is 1; 
(108) 
V a »v — 4'PX Î (109) 
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(110) 
Since gains are additive (van de Hulst, 1957), 
= f - f  
The contribution from Fraunhofer diffraction has the same 
expression for both polarization components and is given, using 
Equations 105 and 107, by 
Finally, adding the geometrical and diffraction components 
together, we obtain 
J,»... 
(Ill) 
and a similar expression for (Sfp 
This is the total gain obtained at the scattering angle Ô from 
a single sphere having a given size parameter X and a complex index 
of refraction H*. The above equation shows that the 
diffraction component (first term on the right hand side) depends on 
the particle size parameter only, but is independent of the refractive 
Index of the particle. On the other hand, the geometrical components, 
reflection and refraction, depend on the refractive index. The 
exponential in the second term on the right hand side accounts for 
absorption within the sphere. In the case of a non-rabsorblng sphere, 
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the gain due to geometrical optics Is independent of the particle size. 
Integration Over Size Distribution 
In the atmosphere, there Is generally a size distribution of 
particles present. It was pointed out in the last chapter that it is 
a common practice under such a condition to Ignore the phase altogether, 
thus simplifying the computation significantly. 
The Interference maxima and minima due to phase effects are 
averaged out while integration is performed over a particle size 
distribution. For such integrations we employ the modified Gamma 
function suggested and used by Deirmendjian (1964) for the particle 
size distribution of clouds, i.e., 
- -l-x 
r\(>) -=K e , (113) 
where represents the volume concentration of spheres of size 
parameter X , and is the modal value of size parameters, at 
which the distribution has its maximum. It is assumed in the present 
study that the aerosol particle parameters are uniform through the 
aerosol layer. 
The gain for a polydispersion system is given by 
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(^ ) — 
/ 
(114) 
where and are the lower and upper integration limits, 
respectively. 
Ray Optics Computations 
The theory described above has been programmed in Fortran IV 
language for computations on a CDC-7600 and IBM-370 computers. The 
input variables are the complex index of refraction, ÏI , the 
particle size distribution, » t:he modal value of the size 
parameter, , and the angle of incidence, ^ . 
Suppose that we know the complex index of refraction, A of the 
spherical particles and its size parameter, X . Then the angle 
of refraction, may be calculated from Equation 92. The scattering 
angle Q is then readily obtained from Equation 96. For the value of 
the divergence. Equation 98 is used. Finally Equations 83, 84 and 94 
are used to evaluate the values of or Sft • These numerical 
values are then substituted into Equation 109 to determine the angular 
gain or 6^ at the calculated scattering angle 
This result is only a part of a scattering pattern arising from a 
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single incident ray characterized by ( p , ^  ) and the same 
procedures must be repeated for other values of p and ^ to complete 
the computation for the given sphere. 91 values of equally spaced 
incident directions were used in the computations at an interval of 
1 degree in the range of 0* to 90*. Linear interpolation is then 
used to obtain the angular gains at each degree of scattering angles 
in the range of 0* to 180* for a given p component. 
The portion of the computation described up to this point has 
been repeated five times for each of the first five p values, i.e., 
p =0,1,2,3, and 4. It is shown later that for each of the refractive 
indices considered in this study, the energy contained in the deleted 
components ( p 2. 5) was negligible in comparison to the total energy. 
Finally, the results are added together, and we have the angular 
scattering pattern based on the laws of geometrical optics. 
The parameters of the scattered radiation of interest are the 
phase function, 
^ ^ ^ (115) 
and the degree of linear polarization (Liou and Hansen, 1971), 
6x(6>- 6-,(9> 
S^ C® + 6-r (e) - • (116) 
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Us» is the albedo for single scattering, i.e., the ratio of the 
scattered energy to that scattered and absorbed. 
These two quantities were also calculated at 46 angles, 0* (4") 
180*. The integration over particle size (Equation 114) was performed 
using Simpson's rule. For this integration, an integration increment 
as large as AX =2 was used with satisfactory results (see Chapter VI). 
Geometrical optics 
Average gains, were computed only for geometrical 
components, reflection plus refraction, and plotted in Figures 9 
through 14 for six different indices of refraction, Kly. =1.10, 1.33, 
1.45, 1.54, 1.75 and 2.00 with no absorption. The solid curves are for 
the total average gains, while broken curves indicate the contributions 
to the total gain from each of the first five p values. 
All the figures show that the scattered energy coming from P = 0 
component, which corresponds to externally reflected rays, is distributed 
smoothly over the entire range of the scattering angle 0* to 180* and 
increases to a maximum at the forward direction. The component of this 
externally reflected energy does not contribute easily discernible 
features to the scattering pattern, at least for the cases considered 
here. Even at the forward direction, where the energy in the p = 0 
component is at its maximum, the p = 1 component has a greater value. 
The scattered energy from the p = 1 component, which corresponds to 
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Figure 9 . Angular gain of geometrical optics from a sphere 
of n = 1.10 - i 0.0, for unpolarized incident 
light. Solid line is for total gain and dotted 
lines are contributions to total gain from each 
p - component, up to p = 4. 
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Figure 10. Angular gain of geometrical optics from a sphere 
of n = 1.33 - i 0.0 for unpolarized incident 
light. Solid line is for total gain and dotted 
lines are contributions to total gain from each 
p-component, up to p = A. 
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Figure 11. Angular gain of geometrical optics from a sphere 
of n = 1.45 - i 0.0, for unpolarized incident 
light. Solid line is for total gain and dotted 
lines are contributions to total gain from each 
p component, up to 4. 
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Figure 12. Angular gain of geometrical optics from a sphere 
of n = 1.54 - i 0,0, for unpolarized incident 
light. Solid line is for total gain and dotted 
lines are contributions to total gain from each 
p component, up to p = 4. 
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Figure 13. Angular gain of geometrical optics from a sphere 
of n = 1.75 - i 0.0, for unpolarized incident 
light. Solid line is the total gain and dotted 
lines are contributions to total gain from each 
p component, up to p = 4. 
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Figure 14. Angular gain of geometrical optics from a sphere 
of n = 2.00 - 1 0.0, for unpolarized incident 
light. Solid line is the total gain and dotted 
lines are contributions to total gain from each 
p component, up to p = 4. 
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the twice-refracted rays is concentrated in the forward direction. The 
contribution from this component represents most of the scattered energy 
in the gain, decreasing as the Ylj, value increases. Except p= 2 
components confined in the backward direction, components involving 
internal reflections show only a very small fraction of the total 
scattered energy, decreasing as Yly. increases. However, these rays 
give rise to easily observable optical phenomena, the rainbows and 
glory, which are very useful for cloud particle identification (Hansen, 
1971). 
The complete description of rainbow phenomena requires Mie theory. 
We can, however, understand many phenomena related to rainbows without 
resorting to such a complex electromagnetic theory. For example, we 
could describe the properties of the rainbow through a knowledge of the 
properties of the minimum deviation (Humphreys, 1964). Rainbows occur 
when the scattering angle passes through a minimum as T increases from 
0* to 90* for 2 components. Much of the energy contained in the 
incident beam emerges quite close to this angle of minimum deviation 
and thus gives a very strong intensity near this angle. This can be 
seen from the fact that in each rainbow, according to geometrical optics, 
the j"^^| factor in the denominator of Equation 98 becomes 
increasingly small near the rainbow angles. However, the peaks in the 
figures are shown to have finite values. 
The values of and "Ç' for which 0 is a minimum are given 
by the following equation 
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(117) 
and 
/ (118) 
The ray which undergoes a minimum deviation is known as the 
Descartes ray. The rays incident on both sides of the Descartes ray 
are deviated more than the Descartes ray, and thus emerge between the 
axial and Descartes rays. The minimum deviation, 6*^ corresponding 
to 2 and p= 3 are commonly known as the positions of the primary 
and secondary rainbows, respectively. For Af = 1.33, which is 
approximately valid for water at most wavelengths from the visual to 
the near Infrared, the scattering angle for rays internally reflected 
once, as T varied from 90* to 0*, decreases from 180* until it 
reaches about 137.5* where it then Increases again. The resulting 
concentration of scattered energy at 137.5* and just greater angles 
is responsible for the "primary rainbow". Similarly, the p = 3 rays 
for lfl|f = 1.33 have an angle of minimum deviation at 129.9*, 
corresponding to the "secondary rainbow" for waterdrops. These two 
types of rainbows are clearly shown in Figure 10. This figure also 
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shows how the rainbows change as the refractive index is varied. The 
sharp peaks at angles other than 0 or 180 are all rainbows for P=2 
or 3. There are also rainbows due to components p=4, but only those 
with p =2 and 3 are observed in practice. 
Some of the outgoing beams give rise to a phenomenon called "glory" 
at the angle 6=180*. The full theory of the glory again has to be 
based on Mie's formulae, but the main features can be understood quite 
simply on the basis of geometrical optics. When the outgoing rays are 
parallel to the axis through the center of the sphere, they define part 
A o o 
of the scattering at the angles, 0 =0 and 180 . This can be seen 
again in Equation 98. Sin 0 = 0 at Ô =0* or 180*, and the divergence 
D and thus the intensity becomes infinite at these two angles, 
provided that sin 2^^ 0. Near 0*, however, the much stronger 
Fraunhofer diffraction drowns all other effects. Near 180* the beams 
just described give rise to the glory. 
However, the glory does not exist for any index of refraction. 
It can be shown that the glory due to the p =2 component occurs only 
for Vlr between and 2. This is the reason why we do not see the 
glory in Figure 10 for ïl,.=1.33 and in Figure 9 for =1.10. In the 
case of =1.10, however, there exists a glory due to p =3 component. 
For Yl*» =2.00 the glory and the rainbow coincide at the backward 
direction, giving rise to a greatly enhanced backscattering. There 
is, however, no comparable phenomena at the forward direction for the 
refractive indices and components considered. 
Computations on the linear polarization show that each p 
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component makes its own unique contribution to the total polarization 
pattern. The externally reflected rays (p=0) are strongly polarized 
with positive values over the whole range of the scattering angle, 
and its peak reaches 100% for all refractive indices considered in this 
computation. For example, the uppermost curve in Figure 15, for 
YVp =1.33, shows a broad positive polarization, reaching its peak 
of complete polarization at 0 =73.8 . The position of this peak 
depends on the refractive index of the scattering particle. The 
scattered energy contained in the p =0 component has thus a strong 
influence on the general polarization pattern. However, its influence 
decreases as the refractive index increases, as can be seen by 
comparing Figure 16 for Ylf =2.00 with Figure 15. On the other hand, 
the p =1 component is negatively polarized with small values. Since 
this component is mainly confined to scattering angles less than 90*, 
it does not have any effect for scattering angles larger than about 
120*. The p =2 component may have both positive and negative value 
for polarization and is confined to angles greater 90*. Other 
remaining components account only for the localized phenomena (for 
example, see the lowermost curve in Figure 15). 
When combined all together, these features due to each different 
p component overlap, resulting in the unusual polarization patterns, 
as shown in the lower most curve in Figure 15. 
Diffraction 
As can be seen from Equation 111, the contribution to the gain from 
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Figure 15. Degree of linear polarization for 
geometrical optics for unpolarized 
incident light, n = 1.33 -*0.0. P 
was taken up to the value indicated 
for each curve. The vertical scale 
applies to the lowermost curve 4) 
The other curves are successively 
displaced upward by factors of 0.2, 
with the dotted horizontal lines 
occurring where the polarization is 
zero. 
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Figure 16. Degree of linear polarization for geometrical 
optics for unpolarlzed incident light, n = 
2.00 - i 0.0. Pi 4. 
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diffraction component is a function of only the size parameter and the 
scattering angle, and is Independent of the refractive index of the 
particle. Thus, its computation is straightforward and need be 
performed only once for all kinds of spherical particles as long as 
they have the same size. The scattered intensity has a principal 
maximum in the forward direction. With increasing 6, the scattered 
intensity passes through several minima and maxima (Figure 17), which 
are averaged out during the integration over the particle size. 
Comparison of Ray Optics with Mie Theory 
Many fields of application demand extensive numerical data for 
various indices of refraction. However, the expressions for Mie 
scattering involve series whose terms contain spherical Bessel functions 
with complex argument and derivatives of Legendre polynomials (Chapter 
II). The number of terms required for evaluating the series is 
proportional to the value of size parameter. Hence, a detailed 
numerical evaluation of the characteristics of the scattered radiation 
field around a large sphere, based on Mie theory, can be described as 
difficult, tedius and time consuming. This is why most of the early 
Mie computations have been confined either to small values of the size 
parameter, or to small numbers of scattering angles. 
After Mie (1908) presented a complete mathematical solution to 
the scattering problem for the special case of isotropic, homogeneous 
spheres, contributions have been made by many others. For Instance, 
Gumprecht and Sliepcevich (1953) made their calculations up to 
84 
SCATTERING ANGLE (DEGREE) 
Figure 17. Angular gain from Fraunhofer diffraction for 
%  =  9 8 . 2 .  
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X = 400, but only for a small number of directions, 0*^ôi 7* 
Liou and Hansen (1971) made Mie computations for spheres having size 
distributions with modes at % =25, 100 and 400, and for 0%&6 180*. 
More recently, Braslau and Dave (1973a,b), and Liou and Sasamori (1975), 
in their integrations of the equations of transfer, made Mie computations 
for a size distribution of spheres. 
In the present study, Mie theory solutions have been programmed 
based on subroutines programmed by Dave (1968), and has been processed 
through CDC-6600 and CDC-7600 computing machines. In the following 
computations, both in Mie theory and ray optics, we chose the same 
values for the refractive index, the size parameters and the size 
distribution as Liou and Hansen (1971) used in their similar computations. 
Not only these values are good representative ones of the reality for 
the conditions considered in the present study, but also they provided 
an excellent chance to check our ray-optics computations against theirs. 
Computing time 
It has been mentioned previously that ray optics method could be 
applied to scattering problems for any shape. Another advantage ray 
optics method has over Mie theory is its speed in computation. In 
computing the intensity and the degree of polarization of the scattering 
over the scattering angle range of 0* through 180*, for a polydispersed 
size distribution of spheres with a given refractive index, for example, 
the Mie program takes, on the average, about 115 CRU (an acronym for 
Computer Resource Units, obtained by taking a weighted sum of the 
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measures of uses of each system resource, such as central processor 
time, peripheral processor time, and core requirements) on CDC-7600. 
Under the same condition the ray optics program, taking only 14 CRU, 
was about 8 times faster than Mie computations. Even with irregularly 
shaped particles (Chapter V), the ray optics program takes only 23 CRU. 
The ray optics approach is thus much less expensive than the widely 
used Mie spherical model. 
Phase function 
Figure 18 shows phase functions (solid curves) from Mie theory 
(see Chapter II), as a function of the scattering angle for three 
different mean size parameters,X>*»=25, 100 and 400. The refractive 
index is Yl =1.50 -4 0.0. Also included in the same figure are the 
corresponding results from ray optics (broken curves) for the same 
refractive index and mean size parameters. 
These results show that the predictions of the ray optics and 
those obtained from Mie theory are in very close agreement when the 
mean size parameter, is as large as 400 (top portion of Figure 18)-
Even when the size parameter is reduced to 100 (the middle portion of 
Figure 18), the overall agreement is not bad in a broad sense. 
In the forward range ( 0^50* ), the values given by both 
theories are in good agreement in all three cases. Particularly in 
the bottom portion of the figure, the agreement is striking when we 
consider that the mean size parameter is only 25. This agreement occurs 
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Figure 18. Comparison of Mie theory (solid curve) and ray optics 
(dashed curve) for a phase function. The vertical 
scale applies to the lowermost curve (Xm = 25) and the 
other curves are successively displaced upward by a 
factor of 102. n = 1.50 - i 0.0. 
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In the region where light rays emerging after two refractions contribute 
most to the scattered radiation field. Since these light rays arise 
from a small value of p , they seldom involve sharp features (rainbows 
and glory) and a close agreement is expected. 
Small discrepancies exist in the diffraction peak in all of the 
three cases, which are not visible in Figure 18. This discrepancy 
between the Mle and ray optics solutions increases as the mean size 
parameter decreases. The peaks around at & =157* and 93* correspond 
to the primary and the secondary rainbows, respectively. The primary 
rainbow arises from light rays emerging out of the particle after 
having one internal reflection, and the secondary rainbow from the 
rays scattered out after suffering two internal reflections. The 
positions of Mie rainbows compare very well with those predicted from 
ray optics in the case of =400 (top portion of Figure 18). As the 
size parameter decreases, the difference in angular position of the 
rainbows predicted by two methods becomes noticeable, and the rainbow 
peak tends to be smoothed out. For example, when the size parameter is 
as small as 25 (bottom portion of Figure 18), the secondary rainbow is 
lost. The primary rainbow is still visible, but the peak has been 
flattened and displaced by several degrees. For =100, however, 
both rainbows are clearly shown, and the ray optics method predicts 
their locations fairly well. 
For Mie computation results with =400 and 100, the small ripples 
on the less steep sides of the peaks correspond to supernumerary bows. 
These features occur because of interference. These features are not 
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rendered by ray optics since in ray optics the phase effect has not been 
considered. Another noticeable feature in Figure 18 is the strong 
concentration of scattering energy in the backward direction. Again the 
ray optics method seems to predict this feature very well, as long as 
the size parameter is 100 or larger. 
When the refractive index is Kip =1.33, however, the ray optics 
fail to produce this backward lobe of scattered radiation, known as the 
glory (see Chapter III). It was mentioned before that the glory due to 
the p=2 component exists only for Kip between i|~2 and 2. Mie theory 
predicts such a glory for water droplets, similar to the one shown in 
Figure 18 for /If =1.50. 
Polarization 
Figure 19 compares the degree of linear polarization obtained from 
ray optics (broken curves) with that predicted from Mie theory (solid 
curves) for three different mean size parameters, =25, 100 and 400. 
The unusual polarization patterns in this figure are caused from 
overlapping of features due to different p components. In the forward 
hemisphere, the ray optics approach predicts, in all of the three pairs 
of curves, a very weak positive polarization at the small angles in the 
forward range, and a following gradual decrease in the value of 
polarization degree from zero at about & =20* to a minimum of about 
- 0.18 when the scattering angle is about 65 . Thereafter, according 
to ray optics, the degree of polarization should increase rapidly with 
the scattering angle, becoming again zero at Ô =80* and then achieving 
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Figure 19. Comparison of ray optics and Mie theory for the 
degree of linear polarization for x^=400 (the 
uppermost curves), *^=100 (the middle curves) 
and Xm=25 (the lowermost curves), n = 1.5 - i 0.0. 
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a maximum value of 0.85 to 0.90 at around 6=90*. These predictions 
from ray optics agree with those obtained from Mie calculation very 
closely when the mean size parameter is as large as 400 (the uppermost 
curves of Figure 19). For X,»^=100 (the middle curves of Figure 19), 
the agreement is still quite good, except for the difference of about 
0.20 at around 0=90*. However, the discrepancy increases rapidly when 
the size parameter becomes smaller. For instance, in the case of the 
smallest size parameter, Xx»=25 (the lower most curves of Figure 19), 
A O there is no agreement at angles larger than about 6 =70 . 
The regions of rainbows exhibit a strong positive polarization 
( 6 =93* and 157*). They compare rather well with that predicted 
from ray optics approach, for the cases of =400 and 100 (two upper 
pairs of curves in Figure 19). The angular positions of these rainbows 
are also predicted fairly well using ray optics. The contribution to 
the scattered light from the p =0 component (external reflection) is 
strongly polarized and gives rise to the broad positive polarization 
feature for scattering angles in the range of 80* through 120*. The 
highest peak around 0=90* is thus the result of the combined 
contribution from the externally reflected light rays and the secondary 
rainbow. As can be shown from Fresnel's equations, the energy contained 
in the p =1 component (twice refracted rays) is negatively polarized 
with small values. The polarization of the diffracted light is zero. 
As was the case for phase functions, ray optics and Mie theory are 
in rather good agreement for size parameters larger than 100, but the 
discrepancies increase rapidly for smaller size parameters. 
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Effect of absorption 
As the imaginary part of the refractive index Increases, the 
absorption due to non-zero tli affects light rays with highest P 
values first. On the other hand, the ray optics predictions are 
less accurate for higher p values since the rays with high P 
values have longer ray paths. Therefore, as the imaginary part of 
refractive index increases, the comparison between ray optics and the 
Mie theory improves considerably. The comparisons in Figures 18 and 
19 for =0.0 are thus the extreme cases for which the ray optics 
technique is least accurate. 
Size range of mutual validity 
The computations and their comparisons made in the previous section 
can be used as a basis for establishing a size parameter range of mutual 
validity of the Mie theory and ray optics. 
The required accuracy would depend, of course, on the conditions 
of the particular problems under investigations. However, the agreement 
between ray optics and the formal Mie theory has been shown to be 
quantitatively quite good for size parameters of the order of 100 or 
higher. It was also found that the ray optics method can be used as a 
tractable approach to scattering by a system of irregularly shaped 
particles, whose mean size parameter has the order of 100 or more. In 
particular: 
(1). For most shapes of natural aerosol particles, the Mie theory 
does not provide solutions, while ray optics does not have 
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a shape limitation. 
(2). Ray optics has been shown to be many times faster than the 
formal Mie theory solution. 
(3). Ray optics provides some understanding of several features 
which occur in the intensity and polarization of light 
scattered by particles. It also is able to reveal features 
on other optical parameters, such as the refractive index, 
or particle size parameter. 
9 Î 
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CHAPTER V. SCATTERING PATTERNS FROM IRREGULAR PARTICLES 
Irregular Particle 
In the previous chapter an evaluation was made of the angular 
scattering pattern from a distribution of spheres using the ray 
optics method. The particle size range of validity of this method 
was established to be 100. In this range of sizes the same 
technique will be applied to the cases of Irregular particles. 
In this study the irregular particle is assumed to be a finite 
cylinder whose cross section has an irregular shape, and therefore, 
it will be referred to as an "irregular cylinder". The length of the 
cylinder is many times the dimension of its cross section. If the 
dimension of the cross section is much larger than the incident 
wavelength, the incident ray may be again localized and we can study 
the scattering patterns by means of the ray optics method. The 
choice of this shape for our irregular particle is not entirely 
arbitrary. Observations (Weickmann, 1945) show that columnar crystals 
are predominant in cirrus, cirrostratus and cirrocumulus clouds (see 
also Figures 3 and 4). 
Diffraction 
The scattering pattern due to the diffraction at a distance f 
from the particle was shown to be (Chapter III) 
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I (119) 
where Is the flux of radiation of wavelength \ incident upon the 
particle of geometrical shadow area S • H was defined by 
Equation 89. Since diffraction depends upon the geometrical shadow 
area of the particle and since the irregular cylinders were assumed 
randomly oriented about their central axes, the diffraction pattern 
can be approximated by that of a circular cylinder of comparable 
size. For randomly oriented circular cylinders it can be shown 
(Jacobowitz, 1970) that for small scattering angles 
TTïïF = (4at+r)] 
for circular cylinders of radius , length Ji , which are 
inclined perpendicularly to the direction of the radiation. The bar 
indicates that the average has been taken over the angle . Thus, 
Equation 119 becomes, after Equation 120 is inserted, 
^ rV-)}. 
Jacobowitz (1970) has compared these intensities with those from 
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equivalent spheres. Equivalent spheres scatter and absorb out of an 
Incident beam as much energy as would be scattered and absorbed by the 
circular cylinders. The radius of the equivalent sphere is 
defined by 
for the circular cylinder under consideration. 
From this comparison, Jacobowitz has shown that in the forward 
direction the ratio of the intensity from the circular cylinders to 
that from the equivalent spheres is fairly close to unity. Jacobowitz 
has also shown that the smooth curve has the identical functional form 
for both types of shape, the intensity varying with 0 as . 3^ " 
(Figure 20). However, the amplitudes in general differ. The ratio 
of the amplitude from the circular cylinders to that from the spheres 
is 
(122) 
X (8) (123) 
The amplitude is then equal for jl = 8 (Figure 20) . For 
fi. = 16 the ratio is equal to J 2, and for = 4 (kc. it is 
In general, columnar type crystals have dimensions that 
are within this range of • with a maximum frequency of occurrence 
close to ~ 5 (Jacobowitz, 1970; Ono, 1969). 
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Figure 20. Diffraction patterns for randomly oriented 
cylinders and equivalent spheres. Superimposed 
upon each scattering pattern is a smooth curve 
that passes through points halCways (on a linear 
scale) between the maxima and the minima of the 
diffraction fringes (Jacobowitz, 1970). 
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As a result, a randomly oriented distribution of irregular 
cylinders may be replaced by equivalent spheres in the computations 
of the scattering patterns of diffraction component. 
Reflection and Refraction 
As can be expected, the geometrical optics portion of the 
scattering pattern from irregular particles is much more complicated 
than that from spheres. There are some new factors to be taken into 
consideration. First, there is a problem of orientation. Unlike 
the case of spheres, the irregular particle has a generally 
non-symmetrical shape and thus the scattering patterns from irregular 
particles depend on the orientation of the particle with respect to 
some arbitrary axis. Thus, we have to consider the oblique as well 
as normal incidence upon the particle. 
To gain insight about the kind of scattering patterns we would 
get from irregular cylinders, let us consider the scattering from an 
infinitely long circular cylinder. An infinitely long circular cylinder 
has been fully investigated and has a scattering pattern somewhat 
similar to that from the irregular cylinder, both particles having a 
cylindrical shape. If the diameter of the circular cylinder is much 
larger than the incident wavelength, all the rays externally reflected, 
refracted or internally reflected at the surface of the circular 
cylinder will follow Snell's law. The emergent and the incident 
angles are equal. Consequently, the scattered energy emerges along 
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the surface of a cone with apical angle 180* - 2 , where is the 
incident angle, and is viewed on the circle C, sighting towards the 
apex of cone (Figure 21). According to the geometry of Figure 21, the 
scattering angle G can be shown to be 
CA4 G = -t ^, (124) 
where the oblique incident angle and the azimuth angle ^ are 
defined in the figure. 
When the particle is a finite circular cylinder whose length is 
not infinitely long, the ends of the cylinder have some effects on the 
scattering field, known as "end effects" (van de Hulst, 1957). 
However, if the length is many times its diameter, a ray would suffer 
a great number of internal reflections, before it escapes through one 
end of the cylinder. By analogy with the case of a sphere in the last 
chapter, this ray would contain only negligible amount of energy after 
suffering many internal reflections. Consequently, the scattering 
pattern from a finite circular cylinder may be assumed to be confined 
to the surface of the same solid cone. Cooke and Kerker (1969) 
measured the radiation scattered by individual finite long fibers, 
using a wavelength of 0.546^. They obtained excellent agreements 
between measured data and theoretical computations for infinite 
circular cylinders. This result indicates that for scattering by a 
long but finite circular cylinder the end effects are not important 
and can be neglected. 
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Figure 21. Geometry of Scattering by 
a tilted circular cylinder 
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This result may be generalized for cross sections of arbitrary 
shape. Thus, the solutions for scattering coefficients derived for 
an Infinitely long irregular cylinder can be applied with reasonable 
accuracy to a finite cylinder whose length is much larger than Its 
diameter. In the case of Irregular cylinders, however, the scattering 
is not confined to the surface of a solid cone, but to a surface that 
depends solely upon the particular shape of the irregular cross section. 
Furthermore, there will not be any such simple relationship as in 
Equation 124 between the scattering angle and the angle of incidence. 
The scattering angle has to be computed for each individual emerging 
ray, based on the particular geometry, using Snell's law. Thus, 
reflection and refraction processes are strongly dependent upon the 
shape of the particle, and hence the geometrical component of the 
scattering from Irregular cylinders cannot be approximated in terms 
of circular cylinders, and the computations must be performed for the 
Irregular particles themselves. 
The principle of computations is similar to that used for 
spheres in the previous chapter. The beam of the Incident radiation 
may once again be broken up Into several narrow rays whose width is 
much greater than the wavelength of the incident radiation, but small 
compared with the size of the particle. Paths of a sufficiently large 
number of equally spaced, parallel rays are mathematically traced 
through the particle. One can imagine that each ray Is initially 
equivalent to a unit of energy. We will consider a ray which makes 
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an angle T with the tangent to the surface of the prisms at the 
point of incidence, and gives a reflected ray and a refracted ray. 
Snell's law is used again to obtain the direction of the refracted ray 
and the Fresnel coefficients are employed to determine the phases and 
the fractions of intensity of both the refracted and reflected rays. 
A similar separation occurs whenever the refracted ray reaches the 
surface from inside. Part of it is refracted and emerges from the 
particle whereas the other part is reflected internally. Equations 
100 and 109 may also be used for the irregular cylinders provided that 
the scattering angle and the total path inside the particle are 
obtained with respect to the particular geometry of the particle. 
Computations 
Two cases of non-spherical shape have been chosen for scattering 
computations; the first particle is a cylinder with an irregular cross 
section which has a shape of a hexagon with one of its corners deleted 
(Figure 22). The other is a hexagonal cylinder whose cross section is 
shown in Figure 23. Also shown in the above two figures are paths of 
rays scattered according to the ray optics. Based on the results on 
the sphere (Chapter IV), rays with more than two internal reflections 
are neglected in the computations. 
The irregular particles are assumed to be polydispersive with 
uniform orientation in a horizontal plane. However, the particles are 
randomly oriented about their central axes. The direction of the 
103 
P = l 
P = 3 
Figure 22. Paths of light rays scattered by an irregularly 
shaped cylinder, according to ray optics for an 
incidence perpendicular to the axis of the 
cylinder. 
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P=0 
Figure 23. Paths of light rays scattered by a 
hexagonal cylinder according to 
ray optics for an incidence 
perpendicular to the length of the 
cylinder. 
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incident radiation is assumed to be perpendicular to the axes of the 
cylinders. 
A plot of the scattered intensity from a single irregular 
particle, as a function of the scattering angle, usually contains 
several interference maxima and minima, similar to the case of 
scattering from spheres. However, unlike the case for a sphere, these 
interference features depend upon both the size parameter and the 
oblique incident angle. But, by allowing for the variations in the 
dimension of the cross section, the individual Interference patterns 
of the scattered intensity go to à continuous distribution. Here, we 
assume that independent scattering holds for these particles, so that 
the scattered intensities from such cylinders can be added without 
regard to phase. 
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CHAPTER VI. RESULTS AND DISCUSSION 
Comparison of the Results with Measurements 
Figure 24 shows a comparison of the computed and experimental 
results for the phase function of ice crystals. For this purpose the 
laboratory experimental work by Huffman and Thursby (1969) has been 
employed. In their experiment large concentrations of ice crystals 
were formed from steam entering into one end of a large laboratory 
chamber and being cooled rapidly. 
At about -40*C, the supercooled water droplets freeze, and form 
ice particles of irregular shape. Measurements are made inside the 
cold chamber using a nephelometer with a zirconium arc as a light 
source, which had a filter at 0.55^. This device is capable of 
scanning at 10* intervals between 10® and 150*. All measurements 
are made using unpolarized incident light and with no polarizers at 
average value of the detector response. These experimental results 
are represented in Figure 24 by the dashed curve. The solid curve 
is for the scattering pattern resulting from the computations for 
the detector. The relative scattering function, "^(ô) 
in terms of phase function P,j (ô) by 
, defined 
(125) 
at each scattering angle 0 is then found from the corresponding 
107 
2 
-1 
,-2 
0 45 90 135 180 
SCATTERING ANGLE (DEGREE) 
Figure 24. Comparison of results of ray optics (solid curve) and 
experiments (dashed curve) for the relative scattering 
function, f(@) for irregular particles. 
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irregular cylinders of ice. Ray optics results are normalized to 
unity at the scattering angle of 10*, so they may be compared with 
the experimental values. Considering the uncertainty of the 
measurements, the theoretical calculations for randomly oriented 
irregular cylinders appear to agree fairly well in the region of 
scattering angles, 10®-àôé 150*, covered in the measurement. 
However, the theoretical values are generally higher than the 
experimental values in the region between 50* and 120®, while in 
other regions the reverse is true. 
Shape Effects 
In order to determine how well a random distribution of 
irregular cylinders is represented by spheres, the phase function for 
spheres is compared in Figure 25 with that for irregular cylinders. 
Dotted curve is Mie results for polydisperse ice spheres having a 
Gamma distribution with a mode size parameter 100. This comparison 
shows discrepancies in three different parts of the curves. 
The phenomenon of total internal reflection explains some of 
these discrepancies. In a sphere, total internal reflection is 
never achieved due to its geometrical configuration. It can be 
shown, however, that for irregular particles there are many 
possibilities for total internal reflection. Depending on the 
geometrical configuration, the total internal reflection may occur 
to any emerging ray with 1. The total reflection has 
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Figure 25. Comparison of relative scattering function, f(ô) 
between ray optics result (solid curve) for 
irregular particles and Mie result for spheres 
(dashed curve). 
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negligible effects on Pi 2 components, due to the low energy content 
in these components, while its effect on p =1 component is substantial. 
Therefore, the contribution to scattering from light rays which emerge 
after one or more internal reflections should be greater for irregular 
particles than for spheres. However, as shown in figures in Chapter 
IV (Figures 9 through 14), the p =1 component for spherical particles 
is confined to the forward hemisphere. For instance, the scattering 
angle for this component never goes beyond 90*for Yip =1.33. On the 
other hand, pi. 2 components for irregular particles contribute in a 
rather wide region of scattering angle around 90®. As a result, the 
irregular particles, when compared to spherical ones, give a greater 
contribution near Ô =90*and less near the forward direction causing 
the differences shown between 0 =50 and 135* in Figure 25. 
The difference found in the backward direction may be explained 
by the concentration of P =2 and p =3 components in this region of 
scattering angles. Although these two components are weaker for 
spheres than for irregular particles, they are confined in a small 
region around the rainbows resulting in a concentration of energy in 
this region (for instance, 130* for 10^=1.33 in Figure 10). On 
the other hand, irregular particles do not have any corresponding 
concentration in the same region. As a result, the rainbows are 
missing and we have generally weaker scattering in the backward 
directions in the scattering pattern for irregular particles. This 
result is in agreement with other experimental data. Holland and 
Gagne (1970) have experimentally shown that non-spherical 
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polydispersions tend to scatter less In the backward directions by as 
much as an order of magnitude, when compared with spherical dispersions 
with similar size distributions. 
According to Huffman and Thursby (1969), their "irregular" 
particles have approximately "spherical" shapes. Due to the low 
temperature, their irregular particles in the laboratory cold chamber 
were formed by directly freezing the water droplets instead of by 
growing by sublimation of excess water vapor around nuclei. As a 
result, the Irregular particles have approximately spherical shapes, 
and accordingly, show some of the scattering behavior of spherical 
particles. Thus, Huffman and Thrusby's particles may be said to lie, 
in terms of the irregularity of the particle shape, somewhere between 
Mie spheres and our irregular particles. In fact, if we overlap 
Figures 24 and 25, we see that Huffman and Thursby's curve falls 
between the other two curves. 
Figure 25 also shows a new feature — an extremely strong peak 
at about @*10". This peak is entirely due to the non-spherical 
shape of the particle, and is readily explained by studying the 
scattering patterns of hexagonal cylinders (Figure 26). When either 
the sun or the moon is visible through the cloud containing ice 
crystals, a halo of 22*- a colored ring concentric with the sun or 
moon - is observed. It can be shown (Humphreys, 1964) that this 
phenomenon is caused by refraction within ice crystals through two 
faces that form a prism angle of 60*. Computations on hexagonal prisms 
(Figure 26) actually show a strong peak at 22*. Consequently, our 
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Figure 26. Energy per unit angle scattered from hexagonal 
ice crystals, based on ray optics. 
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Irregular particles are expected to produce a similar peak in the 
scattering pattern, because the shape of the cross section of our 
irregular particle resembles that of a hexagonal prism (i.e., one 
corner was deleted from a hexagon). Figures 25 and 26 show 
this peaks and the changes in the scattering pattern, brought about 
by a slight change in the shape among non-spherical particles. 
Effects of Complex Index of Refraction 
The value of the real part of the complex refractive index can 
be determined by conventional microscopic techniques. However, the 
imaginary part is more difficult to determine, and little information 
is available on the absorption properties of atmospheric aerosol 
particles. 
The angular dependence of the light scattering is appreciably 
affected by the absorption parameter Yl^ used in the computations. 
Figures 27 illustrates the magnitude of this effect. The five curves 
show the variation with the scattering angle of values of the phase 
function of spheres that are identical in all respects except the 
value of used in the computation. When appreciable particle 
absorption occurs, the calculated phase functions are significantly 
reduced, expecially for backscattering. Figure 28 Illustrates the same 
effect for irregular cylinders. Near the backward direction, however, 
the magnitude of this effect is not as appreciable as in Figure 27. 
This is because Irregular cylinders have weaker scattering near the 
backward direction, when compared with spheres (Figure 25). 
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Figure 27. Phase function for spherical particles, identical in 
all respects (n^ = 1.33) except the indicated values 
of for each curve. 
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Figure 28. Scattering from irregular cylinders, identical in all 
respects (nj. = 1.10) except the indicated values of nj 
for each curve. 
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Figures 27 and 28 indicate that the ray optics method has the 
potential of determining the absorptive properties of the aerosol 
particles. If measurements are made of the distribution of the 
particle size of aerosols being sampled and if the real part of the 
complex refractive index is known, ray optics computations could be 
performed using the observed particle concentration. By assuming a 
value for the real part of the refractive index and varying the 
value of the imaginary part until agreement is obtained, one can 
assign a value to the absorption parameter. For aerosol particles that 
exhibit appreciable absorption, this technique can provide accurate 
means of measuring the imaginary part of the refractive index. 
For a good estimation of the refractive index, therefore, the 
phase function curves need be calculated for a large number of 
different refractive indices. This requires a large number of 
integrations over the size distribution of aerosol particles. Since 
small integration intervals must be used for calculations of Mie 
scattering parameters (Dave, 1969), these add up to a tremendous 
amount of computing time. Since, in the ray optics method, there is 
no such strict requirements of small integration intervals, a similar 
method utilizing ray optics for the size parameter greater than 100 
would result in a large reduction in computing time. 
Effects of Size Distribution 
The analysis of the effects of the particle size distribution 
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on the scattering was made in terms of three parameters of the 
distribution, i.e., the size increment needed for numerical 
integration purpose, the modal value of the size parameter, and the 
dispersion of the size distribution. The dispersion is represented 
by the smallest and the largest size parameters of the distribution, 
Xj and , respectively. 
We have pointed out that large computing times are needed for 
Mie computations. A large fraction of this computing time is spent 
performing the integration over the particle size distribution. Dave 
(1969) found that the use of a Simpson or Gaussian quadrature method 
with A X =0.5 or more cannot be expected to yield accurate results 
in carrying out such integrations. Ray optics computations showed 
no such similar ripples or pseudofeatures, even with A^=2.0. The 
values of the gains,^ , obtained with AX =2.0 (Figures 9 through 14) 
agree very well with those of Liou and Hansen (1971). 
Figure 29 shows the results of computations made to determine the 
sensitivity of the scattering patterns to the dispersion of the size 
distribution of the particles. In this comparison, the ranges of 
size parameter of the size distribution have been selected to be 0 
through 330, 0 through 500, 50 through 330, and 50 through 500, for 
the same mean size parameter, equal to 100. In general, little 
change was found in cases where there is no absorption. Even for 
absorption as large as 0.1, less than 2% difference in phase function 
resulted. Thus, it appears these phase functions are not sensitive 
to the cutoff in either the lower or the upper limits of the 
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Figure 29. Phase functions computed using different values 
for the upper and lower limits of integration. 
Vertical scale applies to the lowermost curve 
for X = 50(2)334, the other curves (x = 0(2)334, 
50(2)500, 0(2)500) are successively displaced 
upward by a factor of 10. 
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Integration. Herman et al. (1975) and Liou (1972 a, b) also made 
similar conclusions from their own computations. 
The effect of the modal value of the size parameter on the 
scattering properties was discussed in Chapter IV. It was pointed 
out there that for a given size distribution model, the rainbow, the 
glory, and the forward diffraction peak due to single scattering 
become less pronounced for smaller modal values of size parameter. 
In terms of the incident wavelength and the size of particles, this 
means that these features are less pronounced for longer incident 
wavelengths and more pronounced for a size distribution with a 
larger modal value. 
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CHAPTER VII. CONCLUSION 
Scattering Properties of Irregular Particles 
The principal result of this research was the development of the 
ray optics method to study the scattering properties of irregular 
particles. First, computations were made on a polydispersed system 
of spheres using both ray optics and Mie theory. It was found that 
ray optics calculations are reliable when the mean size parameter is 
greater than 100. In addition, ray optics computations are more than 
8 times faster than the formal Mie solutions. Finally, the ray optics 
method provides some understanding of several features which occur in 
the scattering of light by particles and of the dependence of these 
features on the refractive index and particle size parameter. 
Based on these results, we extended our computations to the case 
of a polydispersed system of irregular particles which are assumed to 
have one particular type of shape. Since the shape of the irregular 
cylinder used in the present study is just one of many shapes commonly 
found among the atmospheric aerosol particles, and since there was a 
restriction in the orientation of the particles, computations were not 
expected to agree into detail with measurements. However, results on 
irregular particles did indicate a good qualitative agreement. 
Furthermore, all the major differences in the scattering patterns 
between spheres and irregular cylinders were explained in terms of 
the changes of particle shapes. 
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Scattering patterns from irregular cylinders, when compared to 
patterns from spheres, show a larger contribution around 90* and a 
weaker contribution near the forward direction. Irregular cylinders 
are also found to scatter less in the backward direction. These 
findings for a polydisperse system of irregular cylinders indicate 
that predicting scattering for such particles on the basis of the 
assumption of sphericity can lead to serious errors. Due to this 
departure from Mie theory, the value of the Imaginary part of the 
complex refractive index, determined on the basis of a spherical model, 
cannot be applied safely to scattering problems involving irregular 
particles. The ray optics method was found to have the potential of 
determining the imaginary part of the refractive index of the aerosol 
particles. 
Results on numerical integration over the particle size show 
that in the ray optics method the size increment can be as large as 
2. Consequently, a method such as the one employed by Herman et al. 
(1975) and Grams et al. (1974), which utilize ray optics for the size 
parameter greater than 100, would result in a significant reduction in 
computing time and more importantly, a better estimate of the refractive 
index. 
Future Research 
In order to have a better understanding of the dependence of the 
scattering characteristics on the particle shape, more computations are 
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needed for a few commonly found irregular shapes with oblique as well 
as perpendicular incidence of radiation. These computations should 
be repeated for other types of size distribution, including possibly 
a bimodal model. 
Since atmospheric aerosol particles may have mixed compositions, 
their optical inhomogeneity should be considered in a more general 
theory. As a first step in this direction, one might represent this 
inhomogeneity by a refractive index which is a function of the particle 
radius. Scattering from randomly oriented irregular particles may be 
substituted for the scattering from the equivalent layered spheres. 
Similarly, it may also be possible to compensate the change in the 
particle shape by some change in the size distribution of spheres. 
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